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Summagz

Dc-to-sinusoidal inverters are extensively em-
ployed in power-conditioning systems in aerospace
applications. With the availability of high-volt-
age fast-switching power semiconductors, it has
become practical to utilize the pulse-width-Jmod-
ulation (FW!) technique to generate a voltage
waveform consisting of a repeating pattern of
high-frequency pulses which is subsequently fil-
tered to obtain a low-frequency sinusoidal out-
put. These pulses have the same amplitude, but
their widths are modulated to vary in accordance
with a sinusoidal reference. This paper 1s con-
cerned with a hammonic-analysis of the PWM volt-
age waveform. The dependence of the amplitudes
of the odd harmonics up to the nineteenth on the
direct input voltage, on the sinusoidal reference
amplitude, on the sinusoidal reference frequency,
and on the switﬁging frequency of the dc-to-sinu-
This information re-
veals that choosing & filter with a cutoff fre-
quency slightly below the switching frequency of
the inverter may not sufficiently attenuate all
of the significant harmonics. The paper supplies
data which enable the designer to choose param-
eters such as the switching frequency, the ampli-
tude of the sinusoidal reference, and the output
filter so that the efficiency and the size and
weight of the inverter may be optimized.

Introduction

The dc-to-sinusoidal inverters commonly util-
ized in aerospace power-conditioning systems Op-
erate at switching frequencies that are very high
in relation to the desired sinusoidal output fre-
quency which is typically 400 Hertz. This ap-
proach comonly can be accomplished by applying
pulse-width-modulation (P'1) techniques which gen-
erate a repeating pattern of high-frequency square
pulses as the unfiltered output waveform. Each
pulse has the same amplitude which is equal to the
dc input voltage to the inverter. This high-fre-
quency approach offers the potential of enabling a
considerable reduction in the size and weight of
output-filter components. Many methods applylng
P techniques have been used to generate the un-
filtered output waveforms.b“?** The objective in
most cases is to program the widths of the pulses
in the pattern so that the amplitudes of the lower
order harmonics of the sinusoidal output are kept
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small.

An illustrative PWM waveform with an unusually
small number of crossover angles and its funda-
mental component shown by the dotted curve are
given in Fig. 1(a). The wavefom shown is an odd
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Figure 1(a).
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PWM waveform for odd m.
PWM waveform for even m.

function with quarter-wave symmetry and thus can
be expressed as a series of sine waves containing
only odd hamonics of the fundamental. Fourier
analysis of this waveform shows that the peak am-
plitude Vh of the nth odd hammonic is

v .= (4V/nm) [1 - 2cos ng + 2 cos ng, -...

- Zcqs ng_ + cos(ur/2)]

1)

where n = 1,3,5,... Since (1) contains g_vafi—
ables el,to em,.it is theoretically possible by

properly controlling each pulse width to eliminate
m different hammonics, e.g., to reduce V3, ¥ iseis
e S

vmn+1 The principle of this technique

has been utilized to eliminate the third and the
fifth hammonics.' However, if this technique is
extended to eliminate additional higher-order

to zero.



harmonics, the sophistication needed to control
the successive pulses and the physical complexity
of the control circuits increase progressively.

It is desirable to employ a relatively simple
switching control and at the same time achieve a
size and weight reduction through high-frequency
operation. One way this can be accomplished is by
using a small, externally-generated sinusoidal
reference of the desired fundamental frequency F
to modulate the widths of successive pulses to
produce a waveform similar to Fig. 1(a).%% For a
zero amplitude of sinusoidal reference correspond-
ing to no pulse-width modulation of the output,
the output-voltage waveform consists of identical
symnetric square pulses of constant frequency f.
For a nonzero sinusoidal-reference amplitude, the
widths of successive pulses are controlled by var-
lous techniques to vary in accordance with the
given reference. In this type of configuration,
the angles 8 to 6, are no longer adjusted indi-

vidually to eliminate selected hamonics. In-
stead, for a certain amplitude of the sinusoidal
reference, there is a unique set of crossover
angles 6., 82,83,...8m. Without individual con-

trol of each angle, the complexity of the control
circuit is reduced. On the other hand, since the
angles are not specifically chosen to eliminate

any particular Vn, these hamonics can no longer

be expected to vanish. A low-pass filter with a
cut-off frequency that is significantly higher
than the fundamental reference frequency is used
in the output to attenuate to negligible levels
the harmonics produced by this method.

It becomes evident later, when the data from
the computer-aided analysis is presented, that it
is possible when employing PUM techniques to keep
the magnitude of the lower order hammonics of the
fundamental frequency small simply by choosing a
switching frequency that is very high. However,
choosing an extremely high switching frequency

does not solve all of the problems of the designer.

Higher switching frequencies increase the losses;
consequently, in this type of dc to sinusoidal in-
version, efficiency and hammonic content are
trade-offs. To achieve the best overall perfor-
mance of an inverter with a given set of specifi-
cations, a compromise must be made. This campro-
‘mise requires information concerning the variation
of the amplitudes of the harmonics with the cir-
cuit parameters. The fundamental component of the
output waveform is known to increase rather lin-
early with the amplitude of the sinusoidal refer-
ence. -®* Information concerning the variations of
the amplitudes of the harmonics with the amplitude
of the sinusoidal reference and with the switching
frequency f has not been available and is pre-
sented in this paper.

Since rather stringent limitations are nor-
mally imposed on the allowable harmonic distortion
of the ac output voltage, the prediction of the
amplitude of each of the low-frequency harnmonics
is very important in designing dc-to-sinusoidal
inverters using pulse-width-modulation techniques.

One objective of this paper is to perform a har-
monic analysis of sine-wave-pulse-width-modu-
lated waveforms of the type shown in Fig. 1. The
analysis focuses on.calculating the amplitudes

Vl, V3, Vs,...V19 of the fundamental and the odd

hammonics, as these nommally are the ones of
greatest practical concern. These amplitudes are
related to the fundamental frequency F, to the
switching frequency f of the symmetric pulses had
the modulation been zero, and to a quantity de-
fined later as the amplltude ratio M/E. With the
aid of a digital computer, the ratios Vh/Vl'for

different M/E as functions of f/F have been cal-
culated and are plotted in the form of curves.
Also determined and plotted as a function of f/F
are the natural frequencies of L-section filters
needed to attenuate any remaining harmonics to
certain specified percentages of the fumdamental
amplitudes. These results can be employed to fa-
cilitate the selection of a switching frequency,
f and an amplitude ratio »/E for an inverter hav-
ing certain specifications on its fundamental
output frequency, amplitude ratio, efficiency,
and its harmonic content.

In the following presentation, the circuit
used to generate output waveforms similar to Fig.
1 1is described first. Computer analysis of the
hammonics is then carried out to establish the
harmonic amplitudes as functions of the amplitude
ratio M/E and the frequency ratio £/F. These re-
sults are then used tc detemmine the low-pass-
filter natural frequencies PO as functions of f/F.

These functions are expressed explicitly in the
form of curves so that they can be employed read-
ily for design purposes. From these results of
hammonic content, guidelines are presented which
aid the designer in selecting the circult param-
eters.

Inverter Circuilt

The inverter circuit shown in Fig. 2 is used
to generate a sine-wave-modulated output waveform
similar in form to those shown in Fig. 1. The
circuit has been described in Ref. 3, and there-
fore is reviewed here only briefly. It provides
an open-loop-regulated low-frequency sine wave
without the need of either a power transformer or
a fundamental-frequency filter. The inverter is
composed of a High-Frequency Pulse-Width Modula-
tor with four output windings N5 to N8 which sup-
ply base drives to four power transistors Q3 to
06 in the Bridge Chopper. Direct voltage E in
conjunction with a sinusoidal reference M sin 27Ft
is used to supply each half of the pulse-width
modulator. If M is zero, the modulator would be a
symmetrical multivibrator; the frequency of its
symmetric output pulses would be

f= E/4NQs (2)

where N is the number of turns for winding N1 as
well as N2, and @S is the saturation flux of

square-loop core T1. The sinusoidal reference
with amplitude M<E and frequency F which 1is



normally much less than f is used for the modula-
tion purpose. When Q2 conducts during the time
interval ek_l/ZHF to ek/ZnF, which corresponds to

b 0——4
e FILTER
q ¢— and
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[T High—Frequency Pulse-Width Modulator | [ Bridge Chopper |

Figure 2. Schematic diagram of a sine wave
P inverter.

angles ek_l and 61 in Fig. 1, voltage v,,, across

N2
winding N2 is M(sin 2nFt) - E. When Q1 conducts
subsequently between ek/2ﬂF and 8k+1/2nP, voltage

vy across N1 is M(sin 2nFt) + E. Analytically,
ek/ZﬂF .
[ (E - M sin 2nFt)dt = 2@, (3)
Ok-1 |
and
6k+1/2ﬂF
(E + M sin 2nFt)dt = ZNQS 4)

.ek/ZﬂF

Since nommally F<<f, many high-frequency pulses
are thus generated in each of the windings NS to
N8 within a fundamental period 1/F of the sinusoi-
dal reference. The amplitudes of these voltage
pulses form sinusoidal envelopes proportional to
M(sin 2nFt) * E on N, and N, and the widths of

successive pulses vary inversely with the ampli-
tudes of the envelopes. These pulses are then
used to control Q3 to Q6 of the bridge chopper.

As can be seen from the winding polarities
shown in Fig. 2, these control pulses cause Q3 and
Q6 to conduct with Q2. With input voltage V
across two of the bridge terminals, the unfiltered
output voltage Vbq across the other two terminals

and q has the pattern of alternating pulses with
amplitude *V as shown in Fig. 1. The fundamental
frequency of qu is F. A small low-pass filter is

inserted between terminals p and q and the load to
provide the desired fundamental sinusoidal output
voltage.

Harmonic Analysis

In order to perfomm a Fourier series analysis
of the output voltage wave v.__ and determine its

hammonic content, it is necessary that the wave
be periodic. In the general case, the PWM modu-
lated wave qu may have a period which is not an

integral multiple of the period of the modulating
voltage M sin 2nFt. Such a case presents no the-
oretical difficulty but can lengthen considerably
the time required to carry out practical calcula-
tions. For this reascn and since ample design
data can be obtained, only two special cases are
studied. Both require that the modulated wave
possess quarter-wave symmetry. Figure 1 illus-
trates these two cases: Fig. 1(a) shows qu having

an odd number m of crossover angles in m/2 and
Fig. 1(b) shows the situation when v__ has an even

nunber m of crossover angles in 7/2. In both
cases, the first step is to calculate values of
the crossover angles el, 62, 83,... 641 for a

given set of E, M, F, and volt-second capacity

- D= 2N¢S of core Ti. In general, m/2 may occur

anywhere between 9 and 9 The desired quarter

m+l°
wave symmetry requires that (em ¥ 6m+1)/2 =m/2
which is obtained mathematically by adjusting
slightly, using linear extrapolation, the numeri-
cal value of the parameter D. A set of crossover
angles are computed for each new value of D until
(6Ir + 6m+1)/2 = 7/2 and the resulting modulated

wave is then analyzed and put into the Fourier
series fomm

qu = E ‘Vn sin nwt (5)
n=1

where n = 1,3,5,...

A single Fourier analysis can be performed for
both cases, m odd and m even since the only dif-
ference in the Fourier coefficients for the two

cases is in the number of terms in their series.
The analysis then yields

L' SR -
¥, = ﬁﬁ[l 2cos mg + 2cos mg  -...

+ (-1)m+1 2cos ﬁqn_l + (-1)m 2cos nem

"+ (-1)m+1 cos n /2] 6)

as a general expression for the peak voltage Vh of



* the nth harmonic of the PWM waveform.
Results

The amplitudes of the fundamental and its odd
harmonics up to the 19th were calculated by digi-
tal computer according to (6) for both cases shown
in Fig. 1, i.e., when m is odd and when m is even.
For each value of f/F the condition that
(em + em+1)/2 = m/2 was satisfied by adjusting D.

These calculations were made with E = 10 volts and
M =15, 7, and 9 volts. The resulting dat4 are
shown plotted for clarity in two figures for each
value of M/E: in Figs. 3(a) and 3(b) for M/E =
0.5, in Figs. 4(a) ard 4(b) for M/E = 0.7, and in
Figs,5(a) and 5(b) for M/E = 0.9.

A curve for the fundamental voltage V in each
1

case is not plotted because the data indicate that
V1 is independent of f/F and is linearly related
to both M/E and V by the relation3

vV =vV.eZ M
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Figure 3. Harmonic content as B ction of £/F with M/E

of the harmonic which they represent.

In interpreting the data of the figures it
should be particularly noted that the plotted
points are connected by straight line segments
rather than smooth curves to emphasize the fact
that computer results were obtained only at cer-
tain discrete f/F ratios. Although it is evident
from the figures that the absolute-value ampli-
tudes |V /V | of many of the hamonics fluctuate

significantly especially for small values of f/F,
the computer solutions show that the Vh of certain

harmonics are negative and that others actually
change sign passing through zero at certain values
of f/F. It is this property that allows the re-
duction of a particular harmonic to zero amplitude
by proper selection of the crossover angles ek as

discussed in Ref. 1. The data points correspond-
ing to negative values of Vh are shown with cir-

cles surrounding the harmonic number. A more ex-
act portrayal would show the }Vn/Vll curve going

to zero amplitude at some f/F value each time
there is a change in sign. But since this critic-
ally-tuned property is not being used, data points
have simply been connected by straight line
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segments to emphasize only the major trends.

It can be concluded from an examination of the
three figures that every harmmonic from the third
through the nineteenth for each value of M/E has
an appreciable amplitude for small values of f/F
but that as f/F is increased the lower-order har-
monics one by one in turn decrease sharply. These
curves, therefore, support thie earlier statement
that the hammonic content can be kept extremely
small for a given amplitude ratio M/E and funda-
mental frequency F by choosing a very large
switching frequency f.

It can also be seen by comparing corresponding
figures for different values of M/E that the cor-
responding harmonic amplitudes at given values of
f/F normally become much greater as the amplitude
ratio M/E is increased. The harmonic content may
be kept small by minimizing M/E; but, at the same
time, the lnput voltage V must be increased ac-
cording to (7) if the output voltage is to remain
the same. Consequently, in order to obtain a de-
sired V with smaller harmonic distortion, it is

advantaaeous to use a relatively high 1nput volt-
age and 2 small ampiitude ratio. Fortunately, the
selection of a close-to-unity amplitude ratio M/E,
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such as 0.9, is becoming less necessary since high-
voltage fast-switching power transistors with
voltaoe ratings to 400 volts are becoming readily
available.

In addition to having minima, the amplitudes
of certain hamonics are seen to have maximum val-
ues which can be greater even than the amplitude
of the fundamental. Because of this, the designer
must exercise a certain amount of caution in se-
lecting the cutoff frequency for the output filter.
In order to aid the design, computer calculations
were made to determine the normalized natural fre-
quencies F_/F = 1/ (2nF VLC) of each simple ideal

L-section filter that would attenuate each har-
monic amplitude to within a specified percent at a
specified frequency ratio f£/F. From this set of
natural frequencies, the lowest was chosen so as
to guarantee that all of the harmonics would be
attenuated to within the specified percent. These
calculations were performed for the same frequency
ratios at which the harmonic amplitudes had been
calculated and for percentages of 1, 2, 3, 5, 7,
and 10. The attenuation characteristic of an un-
loaded filter assuming ideal inductive and reac-
tive components, i.e., zero damping, was assumed
in order to assure sufficient attenuatlon since
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any danping caused by nonideal- components and the
load increases the attentuation.® The resulting
nomalized natural frequencies FO/F are plotted in

Figs. 6, 7, and 8 as functions of f/F. The num-
bers on the curves indicate the actual calculated
data points and the order of the hamonic whose
amplitude determines the required natural frequen-
cy for the filter. An L-section filter with an Fo

selected from these curves in most cases guaran-
tees that each odd hamonic up to the 19th be less
than the chosen percentage at the chosen f/F. It
is possible however, that a harmonic of frequency
near FO may have, between temminals p and g, an

amplitude considerably lower than the percentage
required by the output specification; but this
same harmonic, due to the resonance characteristic
of the filter with very small damping, may be
larger at the load temminals than the amplitude of
the harmonic which dictated the selection of FO.

Usually difficulty of this sort can be circumven-
ted by using a larger value of L and a smaller
value of C still for the same Fo'

It is worthwhile to point out that for M/E =
0.5 and 0.7 in Figs. 6 and 7, there is a frequency
ratio above which the nomnalized natural frequency
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Fo/F increases very rapidly. A frequency ratio

slightly greater than this value is beneficial
from the viewpoint of reducing the size and
weight of the filter; however, the inverter
switching losses may becane intolerable limiting
the operation to a smaller f£/F. The curves for
M/E = 0.9 in Fig. 8 show a much less pronounced
Trise in.FO/F and the curves are shifted to higher

values of f/F which indicates again that harmonic
amplitudes are much greater near unity M/E for
specified values of f/F. It can also be seen
that the order of the harmonic which detemmines
the filter natural frequency. increases with f/F.
Figures 6, 7, and 8 can be of particular value

to the designer when a small frequency ratio f/F
or a large amplitude ratio M/E must be employed.
For example, if it is necessary that M/E = 0.7,
f/F = 20, and the harmonic amplitude of each har-
monic up to the 19th be less than 10 percent,
then the designer can use Fig. 7 to select a fil-
ter with FO = SF. .

Experimental data on hammonic content and
sone examples of the output filter design were

 taken to verify the computer results. Close

agreement between experimental and computed re-
sults was obtained consistently. One example
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Figure 6. Filter design curves for M/E = 0.5.

1llustrating the experimental data taken is given
in Figs. 9 and 10 in the form of spectrum bar
graphs for M/E = 0.5 and f/F = 21.72. Fig. 9
shows the harmonic content of the unfiltered sine
wave-modulated PWM wave V__ as measured with a

spectrum analyzer, and Fig. 10 shows the measured
harmmonic content after the insertion of an L-sec-
tion filter for the case of FO/F = 3.69. These

results compare favorably with those predicted by
Fig. 3 for the individual harmonic amplitudes and
with Fig. 6 for the order of the maximum-amplitude
harmonic and the percentage of the hammonic at the
load. The experimental results also show that the
amplitude of the third harmonic at the output of
the filter is four pércent whereas its amplitude
~at the input of the filter is not detectable.

This illustrates what was discussed earlier that a
lower-order hammonic in the vacinity of the natur-
al frequency of the filter may actually be ampli-
fied. Therefore, consideration of this effect
should influence the selection of the L and C to
obtain the necessary FO.

Conclusion

In this paper, a computer-aided analysis has
been made on the harmonic content of the output of
a dc-to-sinusoidal inverter employing a pulse-
width-modulated waveform. Results obtained indi-
cate that the fundamental component changes rather
linearly with the amplitude ratio M/E and the in-
put voltage V and is independent of the switching-
frequency-to-fundamental-frequency ratio f£/F. In
contrast to the fundamental amplitude, the ampli-
tudes of the odd hamonics increase very signifi-
cantly with the amplitude ratio M/E. Consequently
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fron the viewpoint of reducing the harmonic con-
tent, it is quite undesirable to use an amplitude
ratio that is close to unity. It was found that 2. W. V. Peterson and R. J. Resch, "5 KW Pulse

the harmonic amplitude variation with the fre-
quency ratio £/F was highly nonlinear with peaks
and valleys. Therefore, simply choosing a fil-

ter cutoff frequency slightly below the switching

frequency could easily be insufficient to attenu-
ate all the significant hammonics. For these

reasons, the curves presented in this paper which
give the harmonic amplitudes and the natural fre-

quencies of the L-section filters which attenuate

the harmonics to fixed percentages of the funda-
mental amplitude are very useful in providing in-
formation to be used in optimizing the design of
sine-wave PWM inverters.
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